Abstract. We investigate the quantum-mechanical interpretation of models with non-Hermitian Hamiltonians and real spectra. After describing a general framework to reformulate such models in terms of Hermitian Hamiltonians defined on the Hilbert space L 2 (−∞, ∞), we discuss the significance of the algebra of physical observables.
Introduction
In the past few years, models with non-Hermitian Hamiltonians (the term nonHermiticity meant here in the sense of the space L 2 (−∞, ∞) of square-integrable functions) have attracted a lot of interest, because many examples are known in which such models have real spectra [1, 2, 3] . Therefore, they may describe realistic physical systems.
Despite this, the physical interpretation of these models remains unclear: The eigenstates ψ n of a non-Hermitian Hamiltonian H are not mutually orthogonal (their scalar product may even be undefined) and the time evolution generated by H is non-unitary, so that the usual probabilistic interpretation of wave functions cannot be applied. In addition, in some models [1, 2] it is necessary to extend the definition of position-space wave functions to complex values of the coordinate. This means that the wave functions are not elements of the Hilbert space L 2 (−∞, ∞), so that nonHermiticity in the sense of the space L 2 has no obvious meaning here.
Recently, it seems that a consensus has been reached that-provided the spectrum of the Hamiltonian is real-one can always define a positive-definite scalar product under which the eigenstates are orthogonal. Among the approaches investigated so far is
• the notion of pseudo-Hermiticity, advocated in the work of Mostafazadeh [4] (see also [5] for an early discussion of this concept). Here a metric operator η is used to define a modified scalar product,
• the introduction of a CPT transformation [6] (ψ, ϕ) :
and
• the direct construction of the Hilbert space H = span{ψ 1 , ψ 2 , . . .} (that is the closure of the space of finite superpositions of the eigenfunctions) with a scalar product defined by [7] (ψ n , ψ m ) H := δ nm for all n, m .
In this contribution we want to explain the last method in some detail. We will only treat the case of a discrete, infinite spectrum of H.
The canonical formulation
Definition (3) leads to a separable Hilbert space H in which the Hamiltonian H is Hermitian (provided its spectrum is real), because for two vectors ϕ = n a n ψ n , ψ = n b n ψ n ∈ H that are in the domain of definition of H one finds
Thus H does not only define a consistent probabilistic structure for the theory defined by H, it also guarantees a unitary time evolution. Since all separable, infinite-dimensional Hilbert spaces are unitarily equivalent, a map T : H → L 2 exists that fulfills
[8]. With the help of this transformation, the theory can equivalently be defined in the space L 2 in terms of the operatorĤ = T HT −1 : L 2 → L 2 and the eigenstateŝ ψ n = T ψ n ∈ L 2 . As a consequence of the unitary equivalence of H and L 2 , the operator H is Hermitian in L 2 : Forφ,ψ in the domain of definition ofĤ one has
This construction is very general, and one can easily find trivial, in general physically insignificant transformations T . An example is the linear map T : H → L 2 that fulfills T ψ n = ψ (ho) n for all n, where the ψ (ho) n are the eigenstates of the harmonic oscillator. Then
We want to stress that in order to find physically acceptable transformations T , one has to take into account the fact that the Hamiltonian has to be a function of physical observables.
Initially, one usually starts with a Hamiltonian that is of the form
in which p and x are the usual position and momentum operators that are Hermitian with respect to L 2 , V (x) is non-Hermitian. In the space H, H is Hermitian, but x and p will in general be non-Hermitian. (Consider, for example, the model investigated by Bender el al. [1] ,
Here the operators H, x and p cannot all be simultaneously Hermitian.) This means that within the formulation in H, the operators x and p can no longer be observables. Thus, the physical meaning of the Hamiltonian H(x, p) in the space H is quite unclear.
In order to understand the physical content of H(x, p), one has to express it as a function of two operators x c , p c that correspond to the observables of position and momentum,
Necessary conditions for the operators x c , p c are that
If such operators are found, one may call the representation (7) the canonical formulation of the model. As we will show, this formulation leads to some insight into the structure of the transformation T . Let us illustrate this with a very simple example: The Hamiltonian
is non-Hermitian in L 2 , but (as will become evident below) has a real spectrum and square-integrable eigenfunctions. We claim that in the space H, it is physically equivalent to the harmonic oscillator. The reason is that (8) can be written as
i. e. the transformation T between H and L 2 can be chosen to be T = x −1 . In H, which is here defined as the image of L 2 under T −1 , the scalar product is given by
One easily finds that with respect to this scalar product, the relations x † = x and p † = p + 2i/x hold, so that (p + i/x) † = p + i/x. In fact, (8) can be expressed as
The crucial ingredient of this formulation is the correct choice of the transformation T : H → L 2 (or equivalently the correct choice of the Hilbert space H). Transformations that render a given non-Hermitian Hamiltonian H with real spectrum Hermitian can be easily found, but we require in addition that T maps between x, x c and p, p c , resp., via a similarity transformation.
One immediate question concerns the uniqueness of T . The Stone-von Neumann uniqueness theorem [8] states that all irreducible representations of two self-adjoint operators x c and p c that are defined in a separable Hilbert space and fulfill canonical commutation relations are unitarily equivalent. Finding such a set of operators removes the arbitrariness in T completely (up to unitary equivalence). But here the selfadjointness (as opposed to Hermiticity) of x c and p c is crucial. In [7] we have given explicit expressions for T for a number of models that have been recently discussed. For some of these examples, the canonical formulation shows that they are physically equivalent to well-known quantum-mechanical problems. In other models with non-Hermitian Hamiltonians, interesting effects like a transition from real to complex eigenvalues occur [1] , or the wave functions are analytically continued along complicated paths in the complex domain [2] . We believe that in such cases the construction of a canonical formulation may lead to interesting new insights.
